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Abstract 

Let G be a simple algebraic group over an algebraically closed field k of bad charac- 
teristic. We classify the spherical unipotent conjugacy classes of G. We also show that if 
the characteristic of k is 2, then the fixed point subgroup of every involutorial automorphism 
(involution) of G is a spherical subgroup of G. 

1 Introduction 

Let G be a simple algebraic group over an algebraically closed field k, with Lie algebra g. In this 
paper we determine the unipotent spherical conjugacy classes of G (we recall that a conjugacy 
class O in G is called spherical if a Borel subgroup of G has a dense orbit on O) when the 
characteristic of k is bad for G. There has been a lot of work related to this field in the cases of 
good characteristic. 

To fix the notation, B is a Borel subgroup of G, T a maximal torus of B, B~ the Borel 
subgroup opposite to B, {a\, . . . , a n } the set of simple roots with respect to the choice of (T, B). 
Let W be the Weyl group of G and let us denote by S{ the reflection corresponding to the simple 
root af. l(w) is the length of the element w G W and rk(l — w) is the rank of 1 — w in the 
geometric representation of W. 

Initially, spherical G-orbits have been studied in the context of Lie algebras ([25], [26]) in 
characteristic zero. The classification of spherical nilpotent orbits has been obtained by Panyushev: 
in terms of height, a nilpotent orbit O C is spherical if and only if its height is at most 3, which 
means 2 or 3 if O is not the zero orbit. Equivalently, O is spherical if and only if it contains 
an element of the form e 7l + • • • + e 7t , where 71 , . . . , j t are pairwise orthogonal simple roots 
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(Panyushev [25], [27]). 

More recently, in [5], we put our attention to spherical conjugacy classes in G over C. We 
classify all spherical conjugacy classes by means of the Bruhat decomposition: a conjugacy class 
O C G is spherical if and only if dimO = £(w) + rk(l — w), where w = w(0) is the unique 
element of W such that O fl BwB is open dense in O (we observe that the classification given in 
[5] over the complex numbers, holds in general for characteristic zero). 

In [15] the authors classify spherical nilpotent orbits in good characteristic using Kempf- 
Russeau theory: the classification is the same as in the case of zero characteristic. In [8], the author 
obtains the classification of all spherical conjugacy classes in good, odd or zero characteristic by 
means of the Bruhat decomposition and by exploiting another characterization of spherical conju- 
gacy classes available in good odd or zero characteristic, namely a conjugacy class O is spherical 
if and only if {y e W \ O n ByB / 0} C {w G W \ w 2 = 1} ([6], Theorem 2.7, [7], Theorem 
5.7). 

In the present paper we complete the picture for unipotent spherical conjugacy classes by con- 
sidering bad characteristic. Our strategy is to exhibit for each group G a set 0(G) of unipotent 
conjugacy classes, show that each element in 0{G) is spherical, and finally show that each conju- 
gacy class not in 0(G) is not spherical. It turns out that in bad characteristic the classification of 
spherical unipotent conjugacy classes is the "same" as in zero characteristic, unless p = 2 in type 
C n and F4, or p = 3 in type G2. In these cases there are more classes than in characteristic zero. 
In particular, if p = 2 then the conjugacy class of a non-trivial unipotent element u is spherical if 
and only if u is an involution. 

It is well known that in zero or odd characteristic the fixed point subgroup H of any involutory 
automorphism a of G is a spherical subgroup (i.e. G/H is a spherical homogeneous space). This 
was proved by Vust in [33] in characteristic zero (see also [23] over C). Then Springer extended 
the result to odd characteristic in [30]. In [28], Seitz gives an alternative proof of Springer's result. 
Here we prove that the result also holds in characteristic 2. 

The paper is structured as follows. In Section 2 we introduce the notation. In Section 3 we 
recall some basic facts about the classification of unipotent conjugacy classes in bad characteristic 
and determine the spherical ones. We also give the list of all spherical unipotent conjugacy classes 
O for which there is an element u in O of the form u = x 71 (l) ■ • • x lt (1), where 71, . . . , j t are 
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pairwise orthogonal simple roots. 

In Section 4 we prove that if G is a reductive connected algebraic group in characteristic 2, 
and a is any involutory automorphism of G, then the fixed point subgroup H of a is a spherical 
subgroup of G. 

2 Preliminaries 

We denote by C the complex numbers, by R the reals, by Z the integers and by N the natural 
numbers. 

Let A = (ciij) be a finite indecomposable Cartan matrix of rank n with associated root system 
and let k be an algebraically closed field of characteristic char k = p. Let G be a simple 
algebraic group over k associated to A, with Lie algebra g. We fix a maximal torus T of G, and 
a Borel subgroup B containing T: B~ is the Borel subgroup opposite to B, U (respectively U~) 
is the unipotent radical of B (respectively of B~). We denote by f) the Lie algebra of T. Then 
<& is the set of roots relative to T, and B determines the set of positive roots <£ + , and the simple 
roots A = {a\, . . . ,a n }. We fix a total ordering on <I> + compatible with the height function. We 
shall use the numbering and the description of the simple roots in terms of the canonical basis 
(ei, . . . , efc) of an appropriate R k as in [3], Planches I-IX. For the exceptional groups, we shall 
write j3 = (mi, . . . , m n ) for j3 = m\a\ + . . . + m n a n . We denote by P the weight lattice, 
by P + the monoid of dominant weights and by W the Weyl group; Sj is the simple reflection 
associated to ccj, {oj±, . . . , uj n } are the fundamental weights, wq is the longest element of W. The 
real space E = M.P is a Euclidean space, endowed with the scalar product (ai,ctj) = didij. 
Here {d\ , . . . , d n } are relatively prime positive integers such that if D is the diagonal matrix with 
entries d\, . . . ,d n , then DA is symmetric. 

We put n = {1, . . . , n} and we fix a Chevalley basis {hi, i G IT; e a , a G of g. 

We use the notation x Q (£), h a (z), for a G <£, £ G fc, z G k* as in [32], [12]. For a G 
we put X a = {x a (£) | £ G £;}, the root-subgroup corresponding to a, and H a = {h a (z) \ 
z G k*}. We identify W with iV/T, where TV is the normalizer of T: given an element w G W 
we shall denote a representative of w in AT by w. We choose the z Q 's so that, for all a G <5, 
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n a = x a (l)x_ a (— l)x a (l) lies in N and has image the reflection s a in W. Then 

(2.1) Xa^X-ai-C^XaiO = h a(O n a , r? a = h a {-\) 

for every £ G fe*, a G $ ([31], Proposition 11.2.1). 

For algebraic groups we use the notation in [17], [13]. In particular, for J C n, Aj = {ay | 
j G J}, 'I'j is the corresponding root system, Wj the Weyl group, Pj the standard parabolic 
subgroup of G, L j = T(X a \ a G 3>j) the standard Levi subgroup of Pj. For z £ W we put 
U z = U H z~ x U~ z. Then the unipotent radical of Pj is U WQWj , where w, is the longest 

element of Wj. Moreover U DLj = U Wj is a maximal unipotent subgroup of L j. 

If ^ is a subsystem of type X r of <I> and H is the subgroup generated by X a , a G we say 
that H is a X r -subgroup of G. 

If X is G-variety and x G X, we denote by G.x the G-orbit of x and by G x the isotropy 
subgroup of x in G. If the homogeneous space G/H is spherical, we say that H is a spherical 
subgroup of G. 

If x is an element of a group K and H < iv~, we shall also denote by G(x) the centralizer of 
x in K, and by Ch{x) the centralizer of x in If x, y G K, then x ~ y means that x, y are 
conjugate in K. For unipotent classes in exceptional groups we use the notation in [13]. We use 
the description of centralizers of involutions as in [18], [2]. 

We denote by Z r the cyclic group of order r. 

For each conjugacy class O in G, w = w(0) is the unique element of W such that BwB n O 
is open dense in O. 

3 The classification 

We recall that the bad primes for the individual types of simple groups are as follows: 

none when G has type A n ; 

p = 2 when G has type B n , C n , D n ; 

p = 2 or 3 when G has type G2, F4, E§, £7; 

p = 2, 3 or 5 when G has type Eg. 
One may find a detailed account of the classification of both unipoten classes and nilpotent orbits 
in bad characteristic in [13], §5.11. 
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To deal with the classical groups with p = 2, we recall that the unipotent classes were deter- 
mined by Wall in [34] (the nilpotent orbits were determined by Hesselink in [16]). For convenience 
of the reader, here we recall the classification of unipotent classes in the classical groups following 
[29], §2. Suppose G = GL{n) (any characteristic), u a unipotent element of G. Then one can 
associate to u a partition A = (Ai, A 2 , . . .) = l c(1) © 2 C ( 2 ) © • • • of n with Ai > A 2 > 
where c(i) is the number of Jordan blocks of u of dimension %, for every i > 1. In this way 
the set CU{G) of unipotent conjugacy classes of G is parametrized by the set of partitions of 
n. We denote by C\ the unipotent class corresponding to the partition A. The set CU(G) has a 
natural partial order: 0\ < O 4^ 0\ C O. If we partially order the set of partitions of n by 
A < n <3> Y2)=i — S}=i H f° r ever y i > 1> then the map A — > C\ is an isomorphism of 
p.o.-sets. 

Now assume p = 2. In this case there exists a homomorphism (central isogeny) of SO(2n+ 1) 
onto Sp(2n) which is an isomorphism of abstract groups. We shall therefore deal only with 
Sp(2n) and SO(2n). Let u be an object distinct from and 1, and consider the set {a;, 0, 1} 
totally ordered by u < < 1. Assume G = Sp(2n) < GL(2n) (resp. G = 0(2n) < Sp{2n)). 
The unipotent conjugacy classes of G are parametrized by pairs (A, e) such that 

a) A = l^ 1 ) © 2 C ( 2 ) © • • • is a partition of 2n with c(i) even for every odd i. 

b) e : N -> {w, 0, 1} is such that 

bi) e(i) = oj if % is odd or i > 1 and c(i) = 0. 
b 2 ) e(*) = 1 if z is even and c(z) is odd (z ^ 0). 
b3) e(i) 7^ oj if i is even and c(i) ^ (z / 0). 
b 4 ) e (0) = 1 (resp. e(0) = 0). 

The correspondence is obtained as follows. Let u be a unipotent element of G. Then u 
determines a class in GL(2n), hence the partition A of 2n. This partition satisfies a). Now, if i is 
even, i ^ and c(i) ^ 0, we put e(i) = if /((u — x) = for every x G ker(u — 1)*, 

and e(i) = 1 otherwise (here / is the bilinear form used to define Sp{2n)). In view of condition 
b), this defines uniquely e. 
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We denote by C\, £ the unipotent class of G corresponding to (A, e). We observe that every 
unipotent class of Sp(2n) intersects 0(2n) in a unique class of 0(2n). Moreover, the unipotent 
classes of 0(2n) contained in SO(2n) (the connected component of 0(2n)) are those for which 
XI is even (A* is the dual partition of A). If all Aj's and c(i)'s are even and if e(i) ^ 1 for every i, 
then the unipotent class C\ )£ of 0(2n) splits into two classes of SO{2n). All the other unipotent 
classes in SO(2n) are unipotent classes in 0(2n). 

We shall use the notation (A, e) = l^j © 2^ © • • • . 

In [29], §2.8, 2.9, 2.10, there are formulas for the dimensions of centralizers of unipotent 
elements in Sp(2n), 0(2n) (hence also in SO(2n)), the determination of the component groups 
C{u)/C(u)° in the various cases, and an explicit definition of a partial order on pairs (A, e) such 
that C x ,e < & (A, e) < Qu, 0). 

We shall use the notation as in [29]. As above mentioned, for the classical groups we only 
have to consider p = 2, and then groups of type C n and D n . For convenience, we shall work with 
Sp{2n) and SO{2n). 

Strategy of the proof. Let Gc be the corresponding group over C. We have shown in [5] that 
for every spherical conjugacy class C of Gc there exists an involution w = w (C) in W such that 
dimC = £(w)+vk(l — w), with C n BwB ^ 0. For each group G we introduce a certain set 0(G) 
of unipotent conjugacy classes which are candidates for being spherical. For each O G 0{G) we 
show that there is a (non-necessarily unipotent) spherical conjugacy class C in Gc such that 

dimO = dimC 

Let w = w(C). Our aim is to show that O D BwB / 0. 

Definition 3.1 Let O be a conjugacy class ofG. We say that O satisfies (*) if there exists w G W 
such that BwB n O / and dimC = £(w) + rk(l - w). 

Let O be a conjugacy class in G. There exists a unique element w = w(0) <G W such that 
O (~l BwB is open dense in O. In particular 

(3.1) O = OTTB~wB C ~BwB. 

It follows that if y is an element of O and y G BwB, then u> < z in the Chevalley-Bruhat 
order of W. 
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We recall the following result proved in [5], Theorem 5 over C, but which is valid with the 
same proof over any algebraically closed field. 

Theorem 3.2 Suppose that O contains an element x S BwB. Then 

dimB.x > £(w) + rk(l — w). 

In particular dimO > l(w) + rk(l — w). If, in addition, dimO < i(w) + rk(l — w) then O is 
spherical, w = w{0) and B.x is the dense B-orbit in O. □ 

Let O be a conjugacy class of G and let w = w(0). If O -1 = O (i.e. if any element x <G O is 
conjugate to its inverse), then w 2 = 1. It is well known that over any algebraically closed field any 
unipotent element is conjugate to its inverse ( [9], Lemma 1.16, [10], Lemma 2.3. See also [22], 
Proposition 2.5 (a)), so that w is an involution for every non-trivial unipotent conjugacy class O. 
However, it has recently been shown in [14], that w 2 = 1 for every conjugacy class O in G. 

If g is in Z(G), then g G T, O g = {g}, w(0) = 1. In the remaining of the paper we shall 
consider only non-central conjugacy classes. 

We shall use the following result 

Lemma 3.3 Assume the positive roots 0i, . . . are such that [X±p. , X±p. } = 1 for every 1 < 



i <j <l Then, for ^i, . .. G k*, g = x^f-^ r ) ■ ■ -xp e (-£ t 1 ), h = V(~?i) ' ' 



gx-fcfa) ■ ■■x-fai&g 1 = n l3l - ■ ■ n Pi hx Pl (2^ x ) • ■ -a%(2^ x ) 
Proof. By (2.1) we have x Q ,(-^ 1 )x_ Q (^)x a (^~ 1 ) = n a /i Q (-^)x Q ,(2^ 1 ). The result follows 



The hypothesis of the Lemma are satisfied for instance if (3\ , . . . , are pairwise orthogo- 
nal and long, as in [11], Lemma 4.1. In characteristic 2, we have [X^,Xs] = 1 for every pair 
(7,5) of orthogonal roots, so that for any set of pairwise orthogonal roots /?!,...,/?£ and for 
g = xfail) ■ ■ ■ xp e (l) we get 



we have 



from [X±p i ,X±p j ] = 1 for every 1 < i < j < I 



□ 



(3.2) 



-1 



■ ■ ■ n/3 e forp = 2. 
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3.1 Classical groups in characteristic 2. 

As mentioned above, for the classical groups we have deal only with Sp(2n) and SO(2n). How- 
ever, for completeness, we shall also deal with the case when G has type A n , since this is dealt 
with in [15], but not in [8]. 

3.1.1 Type A n , n > 1. 

We show that every spherical unipotent conjugacy class satisfies (*). The spherical nilpotent orbits 
(and therefore the spherical unipotent classes) have been classified in [15], and it follows that a 
unipotent conjugacy class O is spherical if and only if O = AQ the unipotent class 2 % © \n+i-2i 
for i = 1, . . . , m = [*^] - For every i = 1, . . . , m, let $ = ei — e n +2-i' then, as for C (and for 
any algebraically closed field of odd or zero characteristic) the element u = £-^(1) • • • 
lies in Xi n BwB, where w = ■ ■ ■ sp i is such that dimAQ = l(w) + rk(l — w). In fact one 
may take ■ ■ ■ n ft Gs ft - s^B n X { . 



o 


w{0) 


x G OC\Bw{0)B 


e = i,...,m= [2±i] 







Table 1: Spherical unipotent classes in A n (p = 2). 



In particular, a non-trivial unipotent class O is spherical if and only if it consists of involutions, 
if and only if O has a representative of the form x 7l (1) • • • x lt (1), where 71 , . . . , 74 are pairwise 
orthogonal simple roots. 

3.1.2 Type C n (and B n ), n>2. 

We first show that if u is an involution of G, then O u is spherical, by showing that O u satisfies 
(*). So let u be an involution of G = Sp(2n). Then the partition corresponding to u is of the form 
A = l Cl © 2 C2 , with c 2 =£, Cl = 2n- 21, 

Using the above recalled description of unipotent conjugacy classes, let A = 2 % © i 2n ~ 2 \ f or 
i = 1, . . . , n. Then we have £0 = 1, E\ = ui, e$ = for i > 3. As for £2> we have £2 = 1 if i is 
odd. On the other hand, if i is even, we have both possibilities £2 = or 1. We denote by Xi the 
class corresponding to £2 = 1, and by Yi the class corresponding to £2 = (when i is even) 
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We denote by JQ c the unipotent class in Sp(2n, C) corresponding to A = 2 l © l 2n 21 . Then 
we get 

dimJQ = dim-X^c = £(2n - £ + 1) £e{l,...,n} 
dimY e = dimX e [ c -£ = 2n£ - £ 2 = £{2n - £) £ E {1, . . . , n}, £ even 

Note that if £ is even and we write £ = 21' , then dimY^ = dimC^c, where C CT ^,C is the 
conjugacy class in Sp(2n, C) of the involution cr^/ ([5], Table 1). In Sp(2n, C), the spherical 
semisimple conjugacy class CT<! , lies over w = s 71 ■ • ■ s 7<! , ([5], Table 5, [11], §4.2.2). 

We observe that if the partition associated to the involution u is A = 2 21 © l 2n ~ 4 ^, then O u = 
2^ © 1 2n-4£ jf an( j on ^y ^ _ v ) = for every v E V (here / is the bilinear form on V 
used to define Sp2 n (k)). Let u> be an involution of W, L(w) = {(3 <G $ + | w((3) = — (3, [3 long}, 
L(w)± = {7 G <I> + | w(7) = — 7, (7, L(w)) = 0,7 short}. Then w = Q sp || s 7 . 

I3&L(w) -y£L(w) ± 

Let x = [ [ rip jQ ^7- Then x is an involution in BwB and the number of blocks of 

length 2 in the Jordan canonical form of x is L(w) | + 2| L(w)± |. If this number is even, then 
f((x — l)v, v ) = for every t> € V if and only if L{w) = 0. 

We put fa = 2ei for i = 1, . . . , n and 7$ = e 2 j_i + e 2 j for £ = 1, . . . , _p = [§]. 

Then it is straightforward to show that 

x_^{l)---x_ Pl {l) € X^nBgft-i^nlT for£= l,...,n 

x_ 7l (l) • • • X- Je (l) <G Y2£ (~l i?s 7l • • • s le B n U~ for £ = 1, . . . ,p 
By (3.2), we can choose 

Tift ' • • n /3<. £ Xg n u?-B for £ = 1, . . . , n. 

n 71 • • • n lt £ Y 2 e fl u>l? for £ = 1, . . . , p. 

One can easily deduce which classes of involutions have a representative of the form u = 
Y\i£K x Qi(l) f° r a certain subset K of II. Note that since u is an involution, then (ccj, ctj) = 
if i, j £ K with i / j. Up to the W action, we have only the following subsets K, and the 
corresponding classes: 

I 

II a;Q n-2(,-i)( 1 ) G X 2^i for£=l,..., 

1=1 



n + 1 
2 
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Il^i-iW G y 2£ far£= l,...,p = 



n 
L2 



These exhaust the conjugacy classes of involutions with representative of the form Hiex x ai (!)• 
In particular all X21 have no representative of the form TiieK x ai(^)- The P°i nt is that in good 
characteristic, for i = 1, . . . ,p = [^] the element nf=i x a 2l -i(^) i s conjugate to n*=i x ft(l) 
(which lies in -X^). 

If J i = {i+l,...,n}(J n = 0)fori = l,...,n,K e = {1, 3, . . . , 2£-l, 2£+l, 21+2, . . . , n} 
for t = 1, ... ,p, we obtained 






J 


w{0) 


x € 0nBw(O)B 


dimO 


= 2^ e i M 

£ = 1, . . . , n 


Jl 


• • • S A 


n /3i • • • "A 


£(2n-£ + l) 


y n = if e i 2 ™- 4£ 

* = l,...,p=[§] 




s 7i S lt 




4^(n - £) 



Table 2: Involutions in C n , n > 2, p = 2. 

where w(0) = wqWj. By Theorem 3.2, we have proved 

Proposition 3.4 Lef be the conjugacy class of an involution of Sp(2n) in characteristic 2. Then 
O is spherical. □ 

Our aim is to show that a (non-trivial) unipotent conjugacy class O u is spherical if and only if 
u is an involution. By [15], Remark 2.14, the orbit O is spherical if and only if G/H is spherical, 
where H is the isotropy subgroup of an element in O. Moreover G/H is spherical if and only if 
G/H° is spherical, where H° denotes the connected component of H. We shall therefore use the 
following 

Lemma 3.5 Let O be a G-orbit with isotropy subgroup H. Then O is spherical if and only if 
G / H° is spherical. □ 

By Proposition 3.4, we are left to show that if the (non-trivial) unipotent class O does not 
consist of involutions, then O is not spherical. Let u be a unipotent element of order greater than 
4, and let v be an element of order 4 in the subgroup generated by u. Since C{u) < C(v), if 
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O v is non-spherical, then also O u is non-spherical. We are therefore left to consider the set X 
of conjugacy classes of elements of order 4. By [19], Theorem 2.2, it is enough to show that the 
minimal elements in X are not spherical. 

From the explicit definition of a partial order on pairs (A, e) such that C\ i£ < C„ $ <3> (A, e) < 
(/U, 4>) given in [29], §2.10, it follows that the minimal elements in X are the classes 3 2 © i 2 ™- 6 
(if n > 3) and 4 © l 2n ' A . 

In the following lemma we deal with these cases. We also consider a case in D n . 

Lemma 3.6 Let O be the unipotent conjugacy class of type 3 2 © i 2n ~ 6 j n C n or D n . Then O is 
not spherical (char k = 2). 

Proof. Let u be an element in O = 3 2 © l 2n ~ 6 (this exists in C n if n > 3). In Sp(2n), we may 
take u = x a2 (l)xj- a , 2 (l), where 7 is the highest short root (7 = e\ + ei), and get C(ii)° < P 
where P is the maximal parabolic subgroup P/\{ a2 }- Then C(u)° = CP, C = H ai x i^T, where 
K is the C„_3-subgroup of G corresponding to {«4, . . . , a n }, and R is the subgroup 

\u (z RuP I ^ = ^aC^a) I ^2 = ^7— 0^2} 

ag<I>+ 

of codimension 1 in R U P. It follows that C(u)° fixes the element e a2 + e 7 _ a2 of q. However, 
we clearly have C(u) < C(u 2 ), and u 2 = x 7 (l). But C(x 7 (l)) fixes the element e 7 of g, since 
Xj(l) = 1 + e 7 in M2n(k). It follows that C(u)° has 2 linearly independent invariants in g, so 
that Sp(2n)/C(u)° is not spherical. 

Since u lies in SO(2n), and both e Q2 + e 7 _ Q2 and e 7 are in the Lie algebra of SO{2n), the 
S'0(2n)-orbit of u is not spherical as well. □ 

Lemma 3.7 Let O be the unipotent conjugacy class of type 4 © l 2n_4 in C n . Then O is not 
spherical (char k = 2). 

Proof. Let u be an element in O = 4 © l 2n ~ 4 . In Sp{2n), we may take u = x ai (l)x,5(l), where 
5 = 2e2, and get C(u)° < P, where P is the parabolic subgroup P/\{ QljQ , 2 }. Then C(u)° = CP, 
where C is the C n _2-subgroup of G corresponding to {03, . . . , a n }, and P is a subgroup of U. 
In fact dimP = 2n — 2, and P is the product of X a 's, where a = e\ ± e,, i = 3, ... ,n or 

a = ei + e2 or a = 2e\. 
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It follows that C(u)° fixes the first 2 basis vectors v\ and v 2 of the natural module of G, so 
that Sp(2n) /C{u)° is not spherical. □ 
We have proved 

Proposition 3.8 Let O be a non-trivial unipotent conjugacy class of Sp(2n) in characteristic 2. 
Then O is spherical if and only if it consists of involutions. □ 



3.1.3 Type D n , n > 4. 

Let m = [§] . We put fa = e 2 i-i + e 2i , Si = e 2 j-i - e 2i for i = 1, . . . , m. For I = 1, . . . , m - 1 
we put Ji = {21 + 1, . . . , n}, J m = 0, Kj> = J e U {1, 3, . . . , 2t — 1} for I = 1, . . . , m. Also we 
put^ = {l,3,...,n-3,n}. 

Let u be an involution of G = SO{2n). Then the partition corresponding to u is of the form 
A = 2 C2 © 1 C1 , with c 2 = 2i, c x = 2n - M, i = 1, . . . , m. 

For each £ = 1, . . . , m — 1 there are 2 conjugacy classes corresponding to A = 2 2t © l 2ra ~ 4 *; 
we denote by the class 2ff © \ 2n - u , and by the class 2 2 ^ © \ 2n ~ u _ lf£ = m, then we denote 
by Z m the class 2 2m © l 2 ™" 4 ™. The conjugacy class in 0(2n) corresponding to 2 2m © i 2 "- 4 ™ is 
a single class X m in SO{2n) if n is odd, while it splits into 2 conjugacy classes X m and in 
SO(2n) if n is even. 

We have 

dxmZ t = U(n - t) , dim = 2^(2n - 21 - 1) for £ = 1, . . . , m 

with dim X' m = dim X m if n is even. 

We have chosen the notation so that for each conjugacy class of involutions O in G, the 
conjugacy class C in Gc denoted by the same symbol in [11] §4.3, has the same dimension. For 
the corresponding w, we write to as a product of commuting reflections, w = s 71 ■ ■ ■ s 7t . It is 
straightforward to prove that in each case the element lies in O. We summarize in 

the following tables the results obtained: 
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o 


J 


w(O) 


x € OC\Bw{0)B 


dimO 


Zt = 2 M © l ln - M 

£ = 1, ... ,171 


Je 




np 1 ns 1 ■ ■■np e ns e 


U{n - 1) 


x e = if © i^- 4 ^ 

l = 1, . . . , m 


Ke 


Sfo ■ ■ ■ s Pl 


n/Ji ■ • ■ n Hi 


2£{2n -21 - 1) 


X'rn = (2D' 


K' 


Sp 1 •••S /3m _ 1 S an _ 1 


np 1 ---n Pm _ 1 n OLn _ 1 


n(n — 1) 



Table 3: Involutions in D n , n > 4, n = 2m. 



o 


J 


y W{0) 


x G ODBw(0)B 


dimO 


£ = 1, . . . , m 


Je 


sp 1 s 5l ■■■s /3e ss e 




U{n - £) 


X E = 2f © l 2n ~ 4t 
£ = l,...,m 




s l3i ■ ■ ■ Sf3 e 


n Pi ■ ■ ■ n (it 


2£{2n -2£-l) 



Table 4: Involutions in D n , n > 4, n = 2m + 1. 



By Theorem 3.2, we have proved 

Proposition 3.9 Let O be the conjugacy class of an involution of SO(2n) in characteristic 2. 
Then O is spherical. □ 

Our aim is to show that a (non-trivial) unipotent conjugacy class O u is spherical if and only 
if u is an involution. Using the same arguments as in case C n , we are left to consider the set 
X of conjugacy classes of elements of order 4, and then show that the minimal elements in X 
are not spherical. From the explicit definition of a partial order on pairs (A, e) such that Ca, £ < 
C^> £ ) — (/^' 0) gi ven i n [29], §2.10, it follows that the minimal element in X is the class 
3 2 © l 2n_6 . By Lemma 3.6, this class is not spherical. We have therefore proved 

Proposition 3.10 Let O be a non-trivial unipotent conjugacy class of SO(2n) in characteristic 
2. Then O is spherical if and only if it consists of involutions. □ 

Remark 3.11 From our discussion, it follows that for D n the map 7Tg : X G ' — > X G defined in 
[29], Theorem III.5.2 induces an isomorphism of p.o. sets between X^ h — > X G h where X^ h , X G h 
are the corresponding sets of spherical unipotent classes. In particular, every spherical unipotent 
conjugacy class has a representative of the form flagi^ x a(X) f° r a certain set of pairwise orthog- 
onal simple roots K. 
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3.2 Exceptional groups. 

For the exceptional groups, we use [21], Table 2. In this table, for each group G, there are all 
unipotent conjugacy classes O u , in every characteristic, for which the dimension of C(u) is greater 
than a certain number Iq. From this we deduce the following table 



G 


dim B 


u with dim O u < dim B 


dim O u 


\C(u)/C(u)°\ 




42 


Ai, 2 A x , 3A U A 2 


22,32,40,42 


1,1,1,2 


E 7 


70 


Ai, 2 A l5 3A'(, 3A[, A 2 , 4A 1 


34,52,54,64,66,70 


1,1,1,1,2,1 


E 8 


128 


Ai, 2Ai, 3Ai, A 2 , 4Ai 


58,92,112,114,128 


1,1,1,2,1 


F A 


28 


A 1; Ai(p = 2), Ax(p # 2), Af } (p = 2), AiAi 


16,16,22,22,28 


1,1,2,1,1 


G 2 


8 


A 1; A!(p = 3), A!(p/3), Af j (p = 3) 


6,6,8,8 


1,1,1,1 



Table 5: Unipotent classes of small dimension in exceptional groups. 



where the value of \C(u)/C(u)° | for Ey refers to the adjoint group (see [1]). 

The unipotent conjugacy classes appearing in Table 5 are the only candidates to being spheri- 
cal. We shall show that they are all spherical, except for the classes of type A 2 in Eq, Ej and Eg. 
Note that when p = 2, then all classes of involutions appear in Table 5 by the results in [2]. 

Lemma 3.12 Let O be the unipotent conjugacy class of type A 2 in Eq, E-j or Eg. Then O is not 
spherical (in any characteristic). 

Proof. Let u be an element in O. From [21], Table 2, it follows that the type of C(u)° is indepen- 
dent of the characteristic. For completeness, we determine C[u)° in all cases. 

In Eg, we may take u = x a8 (l)xp- as (l), where [3 is the highest root, and get C(u)° < P 
where P is the maximal parabolic subgroup Pj\{q, 8 }. Then C(u)° = CR, where C is the E§- 
subgroup of G corresponding to {a\, ... ,a^}, and 

R = {g = Yl x a{k a ) e R U P \ k as = kp- as }. 

ag<I>+ 

In Ej, we may take u = x ai (l)xg_ ai (1), where (3 is the highest root, and get C(u)° < P 
where P is the maximal parabolic subgroup Pi\{ ai y. Then C(u)° = CR, where C is the A5- 
subgroup of G corresponding to {a 2 , 04, 05, a^, 07}, and 

R = {9 = [ I x a (k a ) G R U P I k ai = kp- ai }. 
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In Eq, we may take u = x a2 (V)xp- a2 (l), where j3 is the highest root, and get C(u)° < P 
where P is the maximal parabolic subgroup Pi\f a2 \- Then C{u)° = CR, where C is the A2 x A2- 
subgroup of G corresponding to {a\, «3, 05, oiq}, and 

R = id = II x a (k a ) G R U P I /c a2 = fyj-aa}- 

ae<I>+ 

It is well known that the class A2 is not spherical in Eq, E? or E% over any algebraically closed 
field of characteristic zero. We may now apply [4], Theorem 2.2 (i). Note that the groups C(u)° 
involved are all defined over Z, and the argument in the proof of [4], Theorem 2.2 (i) is valid in 
our situation. Therefore G/C(u)° is not spherical in any positive characteristic. It follows that O u 
is not spherical by Lemma 3.5. □ 

3.2.1 Type E 6 . 

We put 

£1 = (1,2,2,3,2,1), (3 2 = (1,0,1,1,1,1) 

/3 3 = (0,0,1,1,1,0), ft = (0,0,0,1,0,0) 

For groups of type Eq we have to consider p = 2, 3. If p = 3, then we may apply the arguments in 

[5], Theorem 13 to prove that the orbits of type Ai, 1A\ and 3^4i satisfy (*), hence are spherical, 
since to handle 3^4i we need results for D4 which holds due to [8], Theorem 3.4 and its proof (in 
fact what we need is that the maximal spherical unipotent conjugacy class O' of D4 satisfies (*) 
when p = 3). So now assume p = 2. Then again we may use the proof of [5], Theorem 3.4 to 
deal with A\ and 2A\. Note that in these cases 

x-p^l) G A 1 n%B n U~ , x_ /3l (l)x_ / 3 2 (l) G 2A 1 nBsfaSfoBnU' 

with ^-^(1) ~ nfc, ar_ y g 1 (l)x_ / 9 2 (l) ~ n^n^. To deal with 3A\, we still may use the 
arguments in the proof of [5], Theorem 3.4 since we have shown in §3.1.3 that the maximal 
spherical unipotent conjugacy class O' of D4 satisfies (*) when p = 2, or directly observe 
that x = n^n^n^n^ is an involution in Bn^n^n^n^B = BwqB. Then dimC^ > 
£(wo) + rk(l — u>o) = 40 by Theorem 3.2, so that x G 3^4i by Table 5, since elements in 
A2 are not involutions. We have proved 
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Proposition 3.13 Let O be a non-trivial unipotent conjugacy class in E§ 
and only ifO = A±, 2A\ or 2>A\. In each case O satisfies (*). If char k 
the classes consisting of involutions. 

3.2.2 Type E 7 . 

We put 

01 = (2,2,3,4,3,2,1), 2 = (0,1,1,2,2,2,1), ft = (0, 1, 1, 2, 1, 0, 0), 

04 = a-7, 05 = «5, 06 = «3, 07 = «2 

For groups of type E 7 we have to consider p = 2, 3. If p = 3, then we may apply the arguments 
in [5], Theorem 13 to prove that the orbits of type A\, 2A\, (?>Ai)' , (3Ai)" and 4^4i are spherical, 
since we need results for D n which holds due to [8], Theorem 3.4 and its proof. So now assume 
p = 2. Then again we may use the proof of [5], Theorem 3.4 to deal with A\, 2A\ and (3^4i)". 
Note that in these cases 

x-^i) e A 1 nBs /3l BnU~ , 

x_ /3l (l) a ;_ / 3 2 (l)G2iin%s ft Sn[/- , 

x_ ft (l)x_ ft (l)x_ Q7 (l) € (3Ai)" n Bs Pl sp 2 s a7 B n U~ 

To deal with (3Ai)' and 4Ai, again we may apply the arguments in [5], Theorem 13, since we 
need results for D n when p = 2 which we proved in §3.1.3. However, it is also possible to show 
directly that n^ x n^n^ z n az £ s^s^sp^s^B n (^>A\)' . To deal with 4Ai one can observe that 
x = ■■■np 7 is an involution in BwqB. Then dim O x > £(wo) +rk(l — wo) = 70 by Theorem 
3.2, so that x € 4Ai by Table 5. We have proved 

Proposition 3.14 Let O be a non-trivial unipotent conjugacy class in Ej. Then O is spherical if 
and only if O = A\, 2A±, (SAi)', (3Ai)" or AA\. In each case O satisfies (*). Tfchar k = 2, 
these are precisely the classes consisting of involutions. 

3.2.3 Type E 8 . 

We put 

01 = (2, 3, 4, 6, 5, 4, 3, 2), 2 = (2, 2, 3, 4, 3, 2, 1, 0), 3 = (0, 1, 1, 2, 2, 2, 1, 0), 

04 = (0, 1, 1, 2, 1, 0, 0, 0), 5 = a 7 , e = a>5, 7 = a 3 , 8 = a 2 - 



. Then O is spherical if 
= 2, these are precisely 
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For groups of type E$ we have to consider p = 2, 3, 5. If p = 3 or 5, then we may apply the 
arguments in [5], Theorem 13 to prove that the orbits of type A±, 2A\, 3A\ and 4Ai are spherical, 
since to handle 3Ai and 4Ai we need results for D4 and Dq which holds due to [8], Theorem 3.4 
and its proof. So now assume p = 2. Then again we may use the proof of [5], Theorem 3.4 to deal 
with A\ and 2A\. Note that in these cases 

x_ / 3 1 (i) e n Bsj3- L B n u~ , 
x_ /3l (i)a;_ ft (i)e24 1 n% % Bnr , 

To deal with 3A\ and 4A\, again we may apply the arguments in [5], Theorem 13, since we need 
results for D n when p = 2 which we proved in §3.1.3. However, it is also possible to show 
directly that n^n^n^n^ G s^s^s^s^B n 3A\. To deal with 4A\ one can observe that 
x = Ufs 1 ■ ■ -npg is an involution in BwqB. Then dimO x > £(wo) + rk(l — wq) = 128 by 
Theorem 3.2, so that x G 4yli by Table 5. We have proved 

Proposition 3.15 Let O be a non-trivial unipotent conjugacy class in E%. Then O is spherical if 
and only if O = A±, 2A±, 3Ai, or \A\. In each case O satisfies (*). Tfchar k = 2, these are 
precisely the classes consisting of involutions. 

3.2.4 Type F 4 . 

We put 

Pi = (2,3,4,2), fo = (0,1,2,2), 

& = (0,1, 2,0), & = (0,1,0,0) 

also 71 is the highest short root (1, 2, 3, 2). 

For groups of type F4 we have to consider p = 2, 3. If p = 3, then we may apply the arguments 

in [5], Theorem 13 to prove that the orbits of type A\, A\, A\A\ and are spherical, since to handle 

A\A\ we need results for D4 which holds due to [8], Theorem 3.4 and its proof. So now assume 

p = 2. Here there are more conjugacy classes O u (due to the presence of the graph automorphism 

of G) for which dim O u < dim B (see Table 5). Each class consists of involutions. We may take 

the following representatives 



x_ ft (i) g Ai n Bs Pl B n u~ 
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x_ 7l (l) G Ai n Bs^B n u , 

To deal with Af \ we observe that u = x ft (l)x 7l (1) G if by [2], (13.1). Let if be the C 2 - 
subgroup of G with basis {(1, 1, 1, 0), fc}. Then /?i and 71 are the highest long and short root in 
K respectively. A direct calculation in C2 shows that u is conjugate to v = x^ (l)xp 2 (1), hence 

x_ ft (i)x_ ft (i) g 4 2) n BsfcSfoB n tr 

Finally, to deal with we observe that x = n / 3 1 • • • np 4 is an involution in BwqB. Then 

dim X > £(w Q ) + rk(l - w ) = 28 by Theorem 3.2, so that x G Ai^i by Table 5. 






J 


w{0) 


dimO 


Ai 


{2,3,4} 


s /3i 


16 


A x 


{2,3} 


s /3i s /3 2 


22 


A\A\ 





^0 


28 



Table 6: F4, p = 3 (or any char k 7^ 2). 






J 


w{0) 


x G OnBw(0)B 


dim© 


A l 


{2,3,4} 






16 


A 1 


{1,2,3} 


s 7i 




16 


A® 


{2,3} 


s f3i s fo 




22 


A X A X 





W 




28 



Table 7: F4, char k = 2. 



Proposition 3.16 Le? O be a non-trivial unipotent conjugacy class in F4. Then O is spherical if 
and only if it is listed in Table 5. In each case O satisfies (*). if char k = 2, these are precisely 
the classes consisting of involutions. 

We note that in Gc there is an involution a such that C(a) is of type B4 and such that O a lies 
over s T1 . We also observe that if p = 2, then x a4 (l) G A\, x ai (l) G A\, x ai (l)x as (l) G 
A\Ai and these exhaust the conjugacy classes of involutions with representative of the form 

"(2) 

YlieK x Qi(l)' KCH.la particular A\ has no representative of the form \\ ieK x ai (l). 
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3.2.5 Type G 2 . 

We put p 1 = (3, 2), /% = ai, 7i = (2, 1) (the highest short root). 

For groups of type G 2 we have to consider p = 2, 3. The p.o. set of unipotent conjugacy 
classes is described in the tables in [29], Proposition II 10.4. 

If p = 2, the classification of unipotent conjugacy classes O for which dim O < dim B is the 
same as over C and each class consists of involutions. We may take 

x_ ft (l) g Ai n Bs Pl b n u~ , 

To deal with A\ we observe that x = n^n^ is an involution in BwqB. Then dim O x > £(wq) + 
rk(l — wq) = 8 by Theorem 3.2, so that x G A\ by Table 5. 






J 


w(O) 


x G Or\Bw{0)B 


dimO 




{1} 


s /3i 


n f3i 


6 







^0 = SftSft 




8 



Table 8: G 2 ,p = 2. 



So now assume p = 3. Here there are more conjugacy classes for which dim O u < dim B 
(see Table 5), due to the presence of the graph automorphism of G. We may take the following 
representatives 

x-p^l) Giifl BsfcB fl U~ , 

x_ T1 (i) g n Bs^B n f/~ , 

~(3) ~(3) ~ ~(3) ~(3) 

To deal with A\ , we observe that since A\ < A\ and A\ < A\ , we get Sfa < w(A\ ) and 
s 7l < io(Jl^), so that w^if ) = wq, and we are done since dim if = 8. 






J 


u>(0) 


dim© 


A! 


{1} 




6 


A! 


{2} 


s 7l 


6 


if 







8 



Table 9: G 2 ,p = 3. 
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Proposition 3.17 Let O be a non-trivial unipotent conjugacy class in G2. Then O is spherical if 
and only if it is listed in Table 5. In each case O satisfies (*). Tfchar k = 2, these are precisely 
the classes consisting of involutions. □ 

Note that if p = 3, then x a2 (l) G A\, x ai (l) £ A\, while A^f 1 has no representative of the 
forain a x a ,(l),Kcn. 

This completes the classification of spherical unipotent conjugacy classes in bad characteristic. 
In particular we have proved that 

Theorem 3.18 Let O be a non-trivial unipotent conjugacy class of a simple algebraic group in 
characteristic 2. Then O is spherical if and only if it consists of involutions. □ 

This clearly holds for every connected reductive algebraic group in characteristic 2. 

Remark 3.19 In each case there exists a unique maximal spherical conjugacy class O max , and 
w(O mSLX ) = wq. The union U sph of all spherical unipotent orbits is in the closure of O max . 

4 Symmetric homogeneous spaces 

In this section we shall prove that if G is a connected reductive algebraic group over the alge- 
braically close field k of characteristic 2, then H = C(a) is a spherical subgroup of G for every 
involutory automorphism a of G. This was proved by Vust in [33] in characteristic zero (see also 
[23] over C). Then Springer extended the result to odd characteristic in [30]. In [28], Seitz gives 
an alternative proof of Springer's result. 

We shall use a generalization of Theorem 3.2. Here G is any connected reductive algebraic 
group over k, any characteristic. 

Let r be an automorphism of G fixing B and T, and consider G : (r). Assume r has order r. 
Then we have the Bruhat decomposition 

G : (t) = [j Bt 1 wB 

wew, iei r 

Let O be a G-orbit in G : (r). Then there exists a unique i E Z r such that O C |J«,gVK Bt 1 wB, 
and there is a unique z = z(0) such that O PI Bt % zB is open dense in O. In particular 

(4.1) O = O n Bi*zB C Bt 1 zB = t 1 ~Bz~B. 
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It follows that if y is an element of O and y € Bt 1 wB, then w < z in the Chevalley-Bruhat 
order of W. Let us observe that if O is spherical and if B.x is the dense S-orbit in O, then 

B.x C St^zS. 

We still denote by r the automorphism of = X(T) ® E induced by r (i.e. r(x)(t) = 
x(t _: 4t) for every x£l = -^0O> * £ F° r every w G If we put 

T™ = {t £ T | w^t-Htw = t} 

We have dimT™ = n — rk(l — tw). 

Theorem 4.1 Le? a £ G : (r), <r = T l g,for a certain g G G, i G Z r , a«<i Ze? (9 = C<7. Suppose 
that O contains an element x £ Bt 1 wB, for a certain w £ W, where U w is t -invariant. Then 

dimi?.x > ^(tf) + rk(l — r*u>). 

/« particular dim > .£(u>) + rk(l — r l u>). 7/; in addition, dim < l(w) + rk(l — r*u?) then O 
is spherical, w = z{0) and B.x is the dense B-orbit in O. □ 

Proof. Without loss of generality, we may assume x = t 1 wu, for a certain representative w of w 
in N and u £ U. Let us estimate the dimension of the orbit B w .x, where B w = TU W . 
Let vt € C Bu , (x), with v eU w ,t eT. Then 

T l WUVt = VtT % WU = T % T~' L VtT % VJU = t' 'T~'' W ''T~ % tT' ''WU = T % T~ l VT % W W^ 1 T~ l tT % VJU 

so that, by the uniqueness of the decomposition, v = 1 since t~ t vT t € Moreover, from 
= w^t-H^wu it follows t = w^t-H^w. Therefore C Bu) (x) < T T%W , thus dim (x) < 
dimT T ' w = n — rk(l — r*w) and 

dimS^.x = dimS 10 - dimC B ™(x) > £(w) + n-n + rk(l - t { w) = £{w) + rk(l - r^). 

If, in addition, l(w) + rk(l — r l u>) > dimO, then dimO = £(w) + rk(l — r l u>). In particular 
B.x is the dense i?-orbit in O. □ 

We observe that the condition t{U w ) = U w is clearly satisfied if w = s ri ■ ■ ■ s r - k where 
r±, . . . , rfe are roots fixed by r, or if {ri, . . . , r^} is a r invariant set of pairwise orthogonal roots. 

In the remainder of this section, we assume that the characteristic of k is 2. 
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We start with a general remark. Let G = S G\ ■ ■ ■ Gt, where S is the connected component of 
Z(G), and G\, . . . , Gt are the simple components of G. Let a be an involutorial automorphism of 
G. Then a fixes S, and induces a permutation p of the set {1, . . . , t}. If p is non-trivial, then it is 
the product of disjoint cycles of length 2. Suppose one of these cycles is (1,2). Then a induces an 
isomorphism ip : G\ — > Gi- Let B\ = T\XJ\ be a Borel subgroup of G\, where U\ is the unipotent 
radical of B\, and T\ a maximal torus. Let V\ be the maximal unipotent subgroup of the Borel 
subgroup of G\ opposite to B\, and let R = B\V^ < G\G2- Then Cg 1 g 2 ( <j ) H ii is finite, so that 
Cg 1 g 2 { (J ) is a spherical subgroup of G1G2, since dimCG 1 G , 2 ( cr ) + dimBiV^ = dimGiG^- Of 
course Cs(a) is a spherical subgroup of S, so that to conclude it is enough to assume that G is a 
(connected) simple algebraic group. 

So now assume G is a simple algebraic group. In the previous section we have already shown 
that C(a) is a spherical sugbroup of G when a is an inner involution of G. We are therefore left 
to deal with outer involutions, which exists only in the following cases: A^, i > 2, D#, i > 4 and 

Eq. 

To prove that the fixed point subgroup of any outer involution of G is spherical, we shall use 
the classification of outer involutions of G as in [29] and [2]. We fix the graph automorphism 
r (of order 2) of G, and for each G-orbit O of outer involutions of G we show that there exists 
w = ss 1 ■ ■ ■ ss e G W such that O n BtwB is not empty, dimO = £(w) + rk(l — tw), Si's are 
pairwise orthogonal positive roots and {Si, . . . , 5(} is r invariant. By Theorem 4.1, O is spherical 
(with z(0) = w). We consider the various cases: if a = rg € G : (r), C(a) stands for Cg(cx). 
In each case we use the notation introduced in section 3. 

4.1 Type A n , n = 2m, m > 1. 

We take G = SL(2m + 1). In this case there is only one (class of) outer involution r, the graph 
automorphism of SL(2m + 1), and C(r) = SO(2m + 1). Then 

dimS'L(2m + \)/SO(2m + 1) = 2m 2 + 3m 

which is the dimension of a Borel subgroup of SL(2m + 1). We may take 



x = rnp 1 ■ ■■np m G tw B. 
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Then x 2 = 1 since r((3k) = Pk f° r eacn k, so that x lies in O r . Since twq = — 1, we get 

£(wo) + rk(ru;o — 1) = dimB 

and we are done. 
Hence 



o 


w(0) 


x G OnrBw(0)B 


T 


W = Sp 1 --- S(3 m 





Table 10: Outer involutions in SL(2m + 1), m > 1. 



4.2 Type A n , n = 2m - 1, m > 2. 

We take G = SL(2m). In this case there are two (classes of) outer involutions: r and rxp^l), 
with C(r) = 5p(2m), C{tx Pi {1)) = C Sp{2m) (x Pl (1)). We have 

dimS'L(2m)/S'p(2m) = 2m 2 - m - 1 

We put J = {1, 3, ... , n}, u> = t«o^ 7 . We have 

£(w) = £(wq) — £(wj) = m(2m — 1) — m = 2m 2 — 2m 

and 

rk(rw — 1) = rk(wj + 1) = m — 1 
since two = — 1 and the (simple) roots in J are pairwise orthogonal. Hence 

£(w) + rk(rtf — 1) = 2m 2 — m — 1 = dim SL(2m) / Sp(2m) 

We are left to exhibit a conjugate x G tBwB of r. For this purpose we distinguish 2 cases. 

Assume m is even, m = 2r. Then there are precisely m positive roots 71, . . . , j m for which 
w (l) = — 7» namely 

72i-l = e2i-l — e2m-2i+l , l2i = ~ £2m+2-2i 

for i = 1, . . . ,r and 

w = s 71 s 7m 
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We also note that r exchanges 724-1 and 724 for each i = 1, . . . , r. In this case we take 

x = grg' 1 

where g is the involution g = x_ 7l (l)x_ 73 (1) • • • X- lm _ x (1)- Then 

x = tz_ 7i (l)x_ 72 (l)s-ys (1) • • • x- 7m _ 1 (l)x_ 7m (1) G r5«;B 
and we are done. 

If m is odd, m — 1 = 2r, then there are precisely m — 1 positive roots 71, ... , 7 m _i for which 
w(j) = —7, namely 

72i-l = 62i-l — e2m-2i+l , J2i = ^2i ~ e2m+2-2i 

for i = 1, . . . , r and 

u> = s 71 • • • s 7m _ 1 

We also note that r exchanges 724-1 and 72 j for each z = 1, . . . , r. In this case we take 

x = grg' 1 

where g is the involution g = x_ 7l (l)x_ 73 (1) • • • £- 7m _ 2 (1). Then 

X = TX_ 71 (1)X_ 72 (1)X_ 73 (1) • • • X„ 7m _ 2 (l)x_ 7m _ 1 (1) G T^tuS 

and we are done. 

We finally deal with rxp^l), H = C{tx / s 1 {1)) = Cs p (2 m ){xp 1 {l)). We have 

dim SL(2m) /H = dim SL(2m) /Sp(2m) + dim O' = 2m 2 -m-l + 2m = 2m 2 + m - 1 

where C is the Sp(2m)-orbit of x/j^l), which has dimension 2m (note that dim SL{2m)/H = 
dim SL (2m) /SO {2m), and SO{2m) is the centralizer of an outer involution of SL{2m) if the 
characteristic is not 2). Therefore dim SL{2m)/H is the dimension of a Borel subgroup of 
SL{2m). As in the case when n is even, we take w = wq, 

x = TUfi x ■ ■■n /3m G twqB. 

Then x 2 = 1 since r{(3k) = 0k f° r eacn k, and for dimensional reasons, x is conjugate to rx / g(l). 
Hence 
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o 


w{0) 


x G ODtBw(0)B 


T 




rx_ 71 (l)---x_ 7m (l) 




w 


TUq 



Table 11: Outer involutions in SL(2m), m > 2, m even. 



and 



o 


w(O) 


x G ODtBw(0)B 


T 


S 7l ' ' ' S 7m-1 


TX_-yj (1) • ■ ■ X—~j m _ 1 (1) 




W 


rn 



Table 12: Outer involutions in SL(2m), m > 3, m odd. 



4.3 Type D n , n > 4. 

To deal with G of type D n we shall, as usual, consider G = SO(2n). Then the outer involutions 
of G are obtained by conjugation with involutions of 0(2n). Note that if n = 4, and if G is adjoint 
or simply-connected, then there are other outer involutions in Aut G: however, they are conjugate 
in Aut G. 

Let r be the involution of 0(2n) inducing the graph automorphism of SO(2n), i.e. the graph 
automorphism acting trivially on (X± ai \ i <G {1, . . . , n — 2}) and such that x ctn _ 1 (0 «-> x an (£), 

«-o„_i(0 ^ z-a„(0 for^ G fc. 

The classes of involutions in 0(2n) \ SO(2n) correspond to partitions 2 k © i 2 ™-2fc £ or ^, _ 
1, . . . , n, odd k, with r corresponding to 2 © i 2 «-2 £) fc ^e the class corresponding to 2 k © 
1 2n-2fc From [2 9], 2.9 b) we get 

dim O fc = dim C\s P (2n,C) - 2n + \\ 
where = ci + C2 = (2n — 2k) + k = 2n — k, hence 

dimOfe = k(2n - k + 1) - 2n + 2n - k = k(2n - k) 



for k = 1, . . . ,n, odd fc. 
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Let 

Hi = ei-e n , vi=ei + e n , w = s^s Vl . 

Then 

l(w) + rk(l - tw) = 2(n - 1) + 1 = 2n - 1 = dim 0\ 
and r( / ui) = v\. We have 

so that 

Tn Ul n Ul 6 0i H ro5 
To deal with the remaining classes, we put m = [^] and 

IJ-i = e 2 i-2 ~ e 2 i-i , Vi = e 2 j-2 + e 2 j-i , = s m ■ • • s w 

for i = 2, . . . , m. 

Arguing as above, we can prove that 

£(w) + rk(l - tw) = dimC 2 i-i 

and 

TTLj J-i n l/1 ■ ■ ■ TLy Li n Vi € 2i -i n WiB 

for % = 2, . . . , m. In fact it is enough to count the number of Jordan blocks of length 2 in 
Tn^n^ ■ ■ ■ n^ t n Ui '. in Tn ai n Ul there is 1, and in n Ui n v% there are 2 for each i = 2, . . . , m. 

If n is even, then there are \n conjugacy classes of outer involutions and we are done. In 
particular the maximal one is 2 ra_1 © l 2 and corresponds tow = s Ul s ul ■ ■ ■ Sn m s Um = wq = —1. 

If n is odd, then there are \{n+ 1) conjugacy classes of outer involutions: the maximal one is 
O n = 2 n which is the only one not in the previous list. We have 

dim O n = n 2 

Let no be any representative in N of wq with no of order 2 and commuting with r. Then x = tuq 
is an involution in twqB. Since 

£( w o) + r k(l ~~ TW o) = n 2 — n + n = n 2 
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by Theorem 4.1, we have dimB.x > n 2 . But x is an involution in 0(2n) \ SO(2n), so that 
dim G.x < dim O n = n 2 . Therefore x lies in O n n twqB and we are done. 



o 




x € ODtBw{0)B 


dimO 


z = 1, . . . , m 




Tn^ ll n ui ■ ■ ■ n^ li n Vi 


(2t-l)(2n-2i + l) 


Table 13: Outer involutions in D n , n > 4, n = 2m. 


O j 


w(O) 


x G ODtBw{0)B 


dim© 


22*— i j^2n— 4«+2 

i = 1, . . . , m 




Tn^ ll n ui ■ ■ ■ n^ li n Vi 


(2t - l)(2n - 2i + 1) 


2™ 


w 


TUq 





Table 14: Outer involutions in D„, n > 4, n = 2m + 1. 



4.4 Type£ 6 . 

There are two (classes of) outer involutions: r and ra; ( g 1 (l), where r is the graph automorphism 
of G. We recall from §4.4 that 

01 = (1,2,2,3,2,1), /3 2 = (1,0, 1,1, 1,1) 
/? 3 = (0,0,1,1,1,0), /3 4 = (0,0, 0,1, 0,0) 

Note that each is fixed by r. 

Let us start with rxg^l). We have K = C{tx^{\)) = Cf^x^I)), dimK = 36. Let 
x = rnfrnfonfanfa. Since x is an involution in twqB, with £(wq) + rk(rwo — 1) = 36 + 6 = 
dim Eq/K, it follows that tx^{1) ~ x. 

To deal with r, we put <5i = (1, 1, 2, 2, 1, 1), S 2 = (1, 1, 1, 2, 2, 1). We have 

dim £ 6 /F 4 = 26 

Note that r(<5i) = 52 and 

£(s 5l s 52 ) + rk(rs 5l s 52 - 1) = 24 + 2 = 26 
In fact here J = {2, 3, 4, 5}, iu = s$ 1 sg 2 = wqWj. 
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We show that r ~ Tns 1 n$ 2 . Let g = x-^ (1). Then 

grg^ 1 = rx_j 1 (l)x_5 2 (l) € tBwB 
Moreover, since [r, X-^ (l)x_5 2 (1)] = 1, we get 

x 5l (l)x 52 (l)rx_ 5l (l)x_ ( j 2 (l)x ( j 1 (l)x ( j 2 (l) = Tn Sl n S2 
and we are done. We summarize in 



o 


w(0) 


x € OC\tBw{0)B 


T 








W 





Table 15: Outer involutions in E^. 



This completes the list of outer involutions of simple algebraic groups in characteristic 2. We 
have proved that 

Theorem 4.2 Let G be a reductive connected algebraic group in characteristic 2, and let a be 
any involutory automorphism of G. Then the fixed point subgroup H of o is a spherical subgroup 
ofG. □ 

We conclude with another application of Theorem 4. 1 . 
4.5 Type G 2 in Z> 4 . 

We show briefly how one can prove that the subgroup of type G 2 in D4 is spherical (in all 
characteristics). Let us assume G of type D4. Without loss of generality, we may assume G 
is adjoint. Hence if we denote by ip the graph automorphism of G fixing a 2 and mapping 
ot\ 1 — ► 013 1 — > Qt4 1 — > c^i) then the fixed point subgroup K of ip is of type G 2 . Let 5± = a\ +a 2 + «3, 

5 2 = ct\ + a 2 + Q!4, ^3 = 02 + 03 + «4> and let w; = ti>o-S2 = S5 1 S8 2 S 5 3 - We have 

£(«;) + rk(l - ipw) = 14 = dim D 4 /G 2 . 
It remains to show that a G-conjugate of tp lies in ipBwos 2 B CG: (ip). 
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Let 5 = X- Sl (€i)x-8 2 {€2)x-s 3 {ti3). Then 

gipg- 1 = tpx-si(-£i -6)aJ-&(-6-6)«-« 3 (-^3 + 6) 

If we choose £ l5 £ 2 > £3 such that £1 + £3, £2 + £1 an d —£3 + £2 are non-zero, then g(pg~ l € 
ipBwoS2B and we are done. 

Remark 4.3 If the characteristic is zero, we may apply the arguments in [11]. Since T^ w = H a2 
is connected, it follows that, in the simply-connected case, the monoid \(D±/G2) of U-weights 
in k[D±/G2\ is generated by u>\, U3, 004, since G2 is connected and it has no non-trivial characters, 
so that the monoid \(D±/G2) is free (and it contains (1 — ipw)P + which is the monoid generated 

by uj\ + CJ3, uj\ + UJ4, LJ3 + U4, + UJ3 + W4) (see also [20]). 
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